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ABSTRACT
In this work we studied the dependence of the Cosmological parameters (the Hubble
H(t) and deceleration q(t) parameters) on the red shift through the scale factor R(t), so we
obtained two relations for the parameters. Assuming the scale factor as a function of time to
the power α and α(t), we found other sets for the parameters H(t) and q(t). The derived
relations for H(t) and q(t) coincides with the well-known relations for the parameters.
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INTRODUCTION

Einstein formulated the general theory of relativity according to the static behavior of
the universe. If the universe has been disturbed slightly, it might either expand to infinity
with an asymptotic behavior of de-Sitter, or it might collapse according to Friedman-models
(Narlikar, 1979).
Most of the model of the universe were constructed according to the interpretation of
the red shift (Z) as a function of scale factor R(t). The red shift has been explained by the
hypothesis of continuous variation of the scale factor, therefore the definition of the Hubble
and deceleration parameters depend on the variation of scale factor with respect to time
(Weinberg, 1972).
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Solution of the field equations may be generated by applying a law of variation for
Hubble’s parameter, which was proposed by Berman (1983). This assumption with its
simplest case, the Hubble parameter yields a constant value for deceleration parameter. This
can be found in literature like, Einstein theory, Brans-Dick theory and inflationary models.
Observations (Knop et al., 2003 ; Riess et al., 2004) of type Ia supernovae (SNI) allow
to probe the expansion history of the universe. Observation of the universe is accelerating,
which means that the cosmological models should have variable cosmological term and
deceleration parameter. (Debnath and Paul, 2005; Pradhan et al., 2006),
The key point of our work is to derive the Hubble (H), and the deceleration (q)
parameters using two different approaches. In the first approach we used the relation of
⎡R

⎤

scale factor as a function of red shift ⎢ = (1+ Z )−1 ⎥ to derive the Hubble and the
⎦
⎣Ro
deceleration parameters in terms of red shift while in the second approach we used the
⎡ R ⎛ t ⎞α ⎤
relation ⎢ = ⎜⎜ ⎟⎟ ⎥ , one by considering α' s is a curvature dependence and the other is a
⎢⎣ R o ⎝ t o ⎠ ⎥⎦

time dependence, so we got two sets of equations for the Hubble and the deceleration
parameters.
THEORY
The Hubble parameter H(t) and the deceleration parameter q(t) is simply defined by
(Weinberg, 1972).
•

R
H = H( t ) =
R

……………………….… (1)

••

q = q( t ) = −

R R
•

•

..………………………… (2)

R R

Where both H and q are functions of time and R is the scale factor of the universe at time
t (R = R ( t ) ) .
Starting from the precise definition of the red shift (Z) (Weinberg, 1972).
Z=

λ o −λ ν
−1
=
νo
λ

...........………………..… (3)

Where, λo and λ are observed and source wavelengths with their associated frequencies νo
and ν respectively, and according to Weinberg 1972, we have:
R
νo t
= =
ν to Ro

……………………….… (4)

Where, Ro is the scale factor at the present time to.
Combining equations (3) and (4), then
−1
R = R o (1 + Z)
………………………… (5)
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First approach: we find the Hubble (H) and deceleration (q) parameters, by differentiating
equation (5) with respect to time we get:
•

R = − R o (1+ Z)

−2

•

Z

……………………..… (6)

dividing equation (6) by equation (5) and substituting in equation (1), then:
•

H = − Z (1+ Z)

−1

……………………..…(7)

Equation (7) is the Hubble parameter in terms of the red shift (Z).
Similarly, to find the deceleration parameter (q), we differentiate equation (6) with
respect to time, and substitute in equation (2) we get.
••

q = •2 (1 + Z ) − 2
Z
Z

……………………….. (8)

••

To eliminate Z in equation (8), we differentiate equation (7) with respect to time:
•
•2
−1
−2 ⎤
⎡ ••
H = − ⎢ Z (1 + Z ) − Z (1 + Z ) ⎥
⎣
⎦

or
••

•2

•

Z = Z (1+ Z) − H (1+ Z)
−1

……………………..… (9)
Now combining equations (7), (8) and (9), we get:
•
⎤
⎡
H
q = − ⎢1 + 2 ⎥
H ⎥
⎢
⎦
⎣

…………………….… (10)

Equation (10) is a well-known equation in cosmology which verify that our work is correct.
Second approach: We reformulate equation (4) as:
⎛ t ⎞
R = R o ⎜⎜ ⎟⎟
⎝ to ⎠

α

……………………...… (11)

where α is a constant and takes different values (0.5769, 0.6921, 0.9997) depending on
the type of curvature (K = 1, 0, − 1) respectively (Weinberg, 1972; Olive and Peacock, 2002,).
Hubble parameter (H) can be found by differentiating equation (11) with respect to time,
then:
•

R α
H= =
R
t

………………………..… (12)

So α = H t verifying the correctness of our assumption.
Now differentiating the logarithmic form of equation (12) we get:
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••

•

R

R 1
1
=
− = H−
•
t
R R t

……………………… (13)

Then combining equation (2), (12) and (13), we get:
1⎞
⎛
q = − ⎜1 − ⎟
α⎠
⎝

……………………… (14)
1
1⎞
⎛ 1
, > , = ⎟ respectively, which is
2
2⎠
⎝ 2

At , α ≈ (0.99997 , 0.5769, 0.6921) , then q values are ⎜ <

exactly as given by Weinberg 1972.
To verify that (14) is the same form as equation (10), we differentiate equation (12)
with respect to time and dividing by H2 then:
α
H
t2 = − 1
=
α2
α
H2
2
t
−

•

…………………… (15)

Therefore equation (14) reads:
•
⎤
⎡
H
⎢
q= − 1 + 2 ⎥
⎢
H ⎥
⎦
⎣

………………… (16)

This verify that equation (16), is consistent with equation (10), that was derived from
the first approach.
Now equation (11) can be written in a more general form, assuming that α is no longer
a constant but it is time dependence (Similar to Mansonri et al., 1999; Troitskii, 1987),
hence:
R ⎛ t ⎞
=⎜ ⎟
R o ⎜⎝ t o ⎟⎠

α (t )

……………………… (17)

Now again differentiating the logarithmic form of equation (17) with respect to time:
•

R α (t ) •
=
+ α(t ) ln
R
t

⎛ t ⎞
⎜⎜ ⎟⎟
⎝ to ⎠

……………………… (18)

or
•

•

R
α (t )
t
=1 +
α (t ) R
α(t )
t

⎛ t ⎞
ln ⎜⎜ ⎟⎟
⎝ to ⎠

………………….… (19)
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Mathematically:
•

α(t )
is much less than t
α (t )

⎛ t ⎞
ln ⎜⎜ ⎟⎟ and this implies:
⎝ to ⎠

•

t

R
=1
α(t ) R
α (t )
H=
t

…………………….… (20a)
………………………. (20b)

Equation (20 b) is the general form of the Hubble parameter which look likes equation
(12).
Deceleration parameter (q) can be found by differentiating the logarithmic form of
equation (20a) with respect to time, then:
••

•

•

R α (t ) 1
= +
−
•
(
)
R
α
t
t
R
R

……………………..… (21)

•

Now α(t ) can be found by differentiating equation (20b) with respect to time:
•

•

α (t ) = H t + H

……………………..… (22)
Combining equation (1), (2), (21) and (22) we get:

•
⎞
⎛
H ⎟
⎜
q = − ⎜1 + 2 ⎟
H ⎟
⎜
⎠
⎝

……………………..… (23)

Equation (23) is also consistent with equation (10), which means that our
approximation gives accurate result.

CONCLUSION
In this work we obtained different sets of equations defining the Hubble (H) and the
deceleration (q) parameters using two different approaches.
In the first approach, we started our derivation with the variation of the scale factor
equation (5) with respect to time, which leads us to a new form of the Hubble and
deceleration parameters as a function of red shift (equation 7 & 8). From these two
equations we obtained the well-known relation (10) for the definition of the deceleration
parameter, which is commonly used in most of the text books. This emphasize the reality of
our work.
In the second approach we used two assumptions, one by starting our derivation
through the variation of the scale factor equation (11) considering α as a curvature
dependence, which leads us to equation (12) and (14). Again simplifying equation (14)
gives the same form of the equation (10).
The other assumption considering α in equation (17) as a function of time, we got two
relations (20b, 23), equation (20b) defining the general form of the Hubble's parameter H
with α as a time dependence , which look likes equation (12). Whereas equation (23) is also
consistent with equation (10), this means that our approximation is correct. Also we
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•

•

•

R G c
conclude that = = = H( t ) where R, G and c are the scale factor, gravitational constant
R G c

and the speed of light respectively (Troitskii, 1987; Guenther et al., 1997; Mansouri et al.,
1999).
Finally we want to emphasis that the derived parameter q is still describing the
constant deceleration of the universe. In future work one can study the variation of both H
and q parameters with time, in which q parameter will be no longer a constant, but will acts
as an accelerating parameter of the universe (Debnath and Paul, 2005; Pradhan et al.,
2006).
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